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A one-dimensional diffusion-reaction model was developed to simulate the removal of the carcinogenic 

transitional metal, Cr(VI), in a biofilm reactor with glucose and phenolic compounds as sole supplied carbon and 

energy sources in different runs. Substrate utilization and Cr(VI) reduction in the biofilm was best represented 

by a system of (second-order) partial differential equations (PDEs). Organic acid metabolic intermediates were 

measured and included in the dynamic model. The PDE system was solved by the (fourth-order) Runge-Kutta 

method adjusted for mass transport resistance using the (second-order) Crank-Nicholson and Backward Euler 

finite difference methods. A heuristic procedure, genetic search algorithm (GSA), was used to find global 

optimum values of Cr(VI) reduction and substrate utilization rate kinetic parameters. The fixed-film bioreactor 

system yielded higher values of the maximum specific Cr(VI) reduction rate coefficient and Cr(VI) reduction 

capacity (kmc = 0.062 1/h, and Rc = 0.13 mg/mg, respectively) than previously determined in batch reactors 

(kmc = 0.022 1/h and Rc = 0.012 mg/mg). The model predicted effluent Cr(VI) concentration with 98.9% 

confidence (y
2 = 2.37 mg2/L2, N = 119) and effluent glucose and phenol concentration with 96.4% and 99.3% 

confidence (y(w)
2 = 5402 mg2/L2, N = 121, w = 100) over a wide range of Cr(VI) loadings (10–500 mg Cr(VI)/L/d). 

1. Introduction 

Cr(VI) exists in the environment in the form of divalent oxyanions (chromate, CrO4
2-, and dichromate, Cr2O7

2-). 

Chromate and dichromate oxyanions are highly mobile carcinogenic hexavalent forms of chromium (WHO, 

1975). Cr(VI) pollution can be remediated by consortia or mixed cultures of Cr(VI) reducing organisms working 

together in synergy (Molokwane and Chirwa, 2010). This project aimed at safely removing Cr(VI) from polluted 

water using fixed-film, packed-bed biofilm reactors. Diffusion of Cr(VI) in the aquatic phase was described by 

the Nernst-Planck/Poisson laws wherein electroneutrality in the system is preserved by the coupling of transport 

of all charged diffusing species in solution (Dreyer et al., 2020). The Cr(VI) diffusion coefficient (Dcw) was 

estimated using the Nernst-Haskell ion diffusion theory for dilute ionic solutions (Eq. 1) (Samson et al., 2003). 
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Mass transport coefficients of species i (kLi) were correlated to the Reynolds number (Re) and Schmidt number 

(Sc) by the Frössling correlation (Frössling, 1938) (Eqs. 2-3): 
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, where u = bulk liquid velocity (LT-1), dp = diameter of glass beads (L),  = kinematic viscosity (LT-1), and Diw = 

diffusion coefficient (L2T-1) of species i in water, and Lw = stagnant liquid layer thickness (L). The Reynolds 

number is a function of bulk liquid velocity u and packing material particle size dp, Re = u  dp/, and Schmidt 

numbers is given as a constant, Sc = /Dw, such that the mass transfer coefficient kLi (LT-1) is only a function of 

u and dp under constant temperature. In this study, the propagation of effluent pollutant and substrate 

concentration profiles was generated using a (fourth-order) Runge-Kutta method adjusted for mass transport 

resistance using the (second-order) Crank-Nicholson and Backward Euler finite difference solution.  

Traditional ways of multi-system evaluation involving several non-linear systems have been previously simplified 

due to limitations in computational resources. With increased availability of computational speed and storage, it 

is now possible to utilise machine learning and evolutionally computational theory to achieve better results 

(Jaluague, 2023). 

In this study, a heuristic algorithm, Genetic Search Algorithm (GSA), was used to find global optimum values of 

Cr(VI) reduction and substrate utilization rate kinetic parameters following principles derived in genetic 

algorithms (Tsai et al., 1996) and orthogonal arrays from the Taguchi Method (Sendin et al., 2004). The model 

successfully predicted the operation of a laboratory-scale fixed-film bioreactor with agreeable trends for Cr(VI) 

and organic substrate concentration for a period of 700 days.  

2. Experimental Methods 

2.1 Reactor Setup and Operational Conditions 

The reactor column was constructed from a 20 cm long by 3.8 cm internal diameter Pyrex glass column (Corning 

Glassware Co., Corning, NY) packed with 11,101 (3mm diameter) spherical Pyrex (Corning Co.) glass beads 

(Fig. 1). The entire packed-bed bioreactor had a total surface area of 3140 cm2 and a clean-bed pore volume, 

VB = 104.7 mL. To start-up the reactor, a 100 mL coculture of P. putida (6  1010 cells) and E. coli (3.5  1010 

cells) was charged directly into a port at the bottom of the reactor. The reactor was then operated under an 

influent phenol concentration of 350 mg/L and 24 hours HRT until a biofilm was observed on the glass beads 

after 10 days of operation. Different influent phenol concentrations of 500, 800, 1000, 1300 mg/L were tested, 

for 5 days at each concentration, to determine optimum phenol loading for the experiment. Phenol was detected 

in the effluent when the reactor was operated at influent phenol concentrations of 1000 and 1300 mg/L. An 

influent phenol concentration of 800 mg/L was thus chosen for the rest of the experiment.  Biofilm formation was 

observed under an Olympus microscope (Model BH-2, Rocky Mountain Microscope Corp., Ft. Collins, CO) on 

sampled glass beads after 30 days of operation. 

2.2 Biofilm Reactor Theoretical Basis  

Biofilm mass balance equations were coupled to the reaction rate terms based on the biofilm mass conservation 

and continuum principles previously derived by Wanner and Gujer (1986).  The mass balances of dissolved 

species and biomass across an infinitesimal biofilm section (z) parallel to the substratum surface are 

represented by a set of partial differential equations (Eqs. 4-6): 
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(Molokwane, 2010), where ˆ
ˆ

wD z=  
u u

j u , mass flux term for dissolved species (ML2T-1), ˆ ˆ
ˆ

wD z=  
x x

j x , mass 

flux of biomass (ML2T-1), ( )
n nz z zc C C+ = − , is the change in Cr(VI) concentration across an infinitesimal section 

(z), C = 
nzC , Cr(VI) concentration at a location zn, 

nz zC +  = Cr(VI) concentration at an incremental location 

zn+z towards the liquid/biofilm boundary, Rc = Cr(VI) reduction capacity of E. coli cells (g Cr(VI) per g cells),  

= is a biofilm porosity constant (Vfvoids/Vftotal), fd = biodegradable fraction of biomass. Vector quantities are given 

as: bx = { bxp, bxE }, cell death rate coefficient (T-1); a = { ap , aE }, viable cell detachment rate coefficients (T-

1), and Yx/û =  { Yp, YE }, is the biomass yield of P. putida and E. coli (g cells per g carbon source). The reaction 

term ru is expanded in the kinetic expressions presented in Eqs. 7-9: 
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for Cr(VI) reduction, phenol degradation and metabolite removal, respectively. 

 

 
 
Figure 1: Biofilm reactor configuration. 
 

2.3 Biofilm Reactor Theoretical Basis  

The program Sugal 2.1 by Hunter (1995) was interfaced with the simulation program using Modified Sugal GA 

subroutine (Chirwa, 2001). The Genetic Algorithm uses the fitness function, ( )if  , and an evolutionary search 

engine to find the best parameters for the system of equations (Eqs. 10-11):  
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Figure 3-1.  Schematic of fixed-film coculture bioreactor setup 
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where RSS = residual sum of squares, ( )if  = fitness function, n = number of points to evaluate, q = number of 

parameters, yi
pred = model prediction for a given set of parameters, and yi

obs = a corresponding experimental 

value. The genetic algorithm was terminated with a coarse set of parameters within vicinity of the true optima. 

A faster converging gradient method, the Levenberg-Marguardt algorithm, was used to fine tune convergence 

to the global optimum.  

3. Results and Discussion 

3.1 Elimination of False Optima Using the GSA 

In this study, false optima were rejected by determining parameters that yielded a minimum combined MRSS 

(Eq. 7) and the evolutionary fitness function ( )if   (Eq. 11) with each parameter expressed as randomized 

chromosomes in Genetic Search Algorithm (GSA). The response surface model plots Figs. 2 and 3 simulate 

 
 

Figure 2: Determination of ‘true optima’ for the coefficients kmc, Kc and Rc in a biofilm reactor by calculating the 

minimum residual sum of squares difference (MRSS) using the Genetic Search Algorithm. 

 

 
Figure 3: Determination of ‘true optima’ for the coefficients kmc, Kc and Rc in a biofilm reactor under rough 

numerical terrain under failure conditions by calculating the minimum residual sum of squares difference 

(MRSS) using the Genetic Search Algorithm. 
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the search area for three kinetic parameters for Cr(VI) reduction and phenol degradation which were used to  

determine global optimum values corresponding to minimum MRSS values were computed in the finite 

difference search area for Cr(VI) bioconversion rate coefficient kmc/Kc vs. Rc and substrate bioconversion rate 

coefficient kms/Ks vs. Ys. The parameters were separated to present the two underlying kinetics, i.e., Cr(VI) 

reduction and substrate (phenol) utilization. The contours were generated using a 3D contour feature of Axum 

5.0 (MathSoft Ware, Cambridge, UK). A contour of 95% confidence passed through kmc/Rc = 0.12 and 0.16 L/mg 

cells/d and Rc = 0.116 and 0.124 mg Cr(V)/mg cells, and MRSS = 453 mg2/L2.  Parameters were optimised for 

Cr(VI) reduction rate kinetics in a smooth terrain (Fig. 2), and for phenol degradation rate kinetics from data with 

wider variations (Fig. 3). 

3.2 Final Effluent Cr(VI) Fit Results 

Model output concentration plotted with optimized kinetic parameters was plotted against measured data (Fig. 
4). The model predicted the trend of the data closely with errors less errors than previous models (Sendin et al., 

2004). The model predicted effluent Cr(VI) concentration well with 98.9% confidence (y
2 = 2.37 mg2/L2, N = 

119) and effluent glucose and phenol concentration with 96.4% and 99.3% confidence (y(w)
2 = 5402 mg2/L2, N = 

121, w = 100) over a wide range of Cr(VI) loadings.  

 

 

Figure 4. Effluent Cr(VI) concentration performance data and predictive model after parameter optimisation.  
 

3.3 Optimized Kinetic and Physical Parameters 

The model predicted well effluent Cr(VI) and phenol concentration with low residual sum of squares between 

predicted and measured effluent values (Fig. 4, phenol not shown) are presented in Table 1. The variances, V 

= 358.1 (N = 97) for Cr(VI) and V(w) = 1180.5 (N = 88) for phenol (weighing factor w = 10), yielded a very low 

probability for model rejection: p(0.5)(0.00086) and p(0.5)(0.00031) < 0.001 for Cr(VI) and phenol, respectively. 

Confidence intervals in Fig. 4 were constructed based on the joint sensitivities of the Cr(VI) reduction parameters 

kmc, Kc, and Rc, and phenol utilization parameters kmp, Kp, and Yp using Eqs. 9 and 10. Regression analysis 

using Pearson’s coefficient of correlation showed 98.6% confidence in predicted Cr(VI) and approximately 

93.4% confidence in predicted effluent phenol concentration. Error analysis did not include metabolite kinetic 

parameters due to insufficient metabolites data collected under the transient-state conditions. 

4. Conclusions 

The model predicted effluent Cr(VI) concentration well with 98.9% confidence (y
2 = 2.37 mg2/L2, N = 119) and 

effluent glucose and phenol concentration with 96.4% and 99.3% confidence (y(w)
2 = 5402 mg2/L2, N = 121, w = 

100) over a wide range of Cr(VI) loadings (10–500 mg Cr(VI)/L/d). The results show the potential of predicting 

real-time performance and determination of scale-up parameters for a complex biofilm reactor system using a 

robust evolutionary algorithm. 

Time of operation, d

0 100 200 300 400 500 600 700

C
r(

V
I)

 c
o

n
c
e

n
tr

a
ti
o

n
, 
m

g
/L

0

10

20

30

40

No Air

No Phenol

PHASES I-IV V VI VII-X XI-XIII XV-XVII XIX-XXXVIIIXIV

Influent Cr(VI) 

Effluent Cr(VI) 

Model Effluent Cr(VI)

s
y
   

 
= 0.69 mg/L

V     = 46.2 mg
2
/L

2

N     = 97

Statistics

203



Table 1: The best fitting parameters for the coculture system 

Parameter  Value CV% Units 
    

a. Optimized parameters 
    

kmc   0.095 15 1/h 
Kc 9.1 8.2 mg/L 
Rc   0.13 4.5 mg/mg 
kmp 0.104 0.87 1/h 
Kp 76.0 7.7 mg/L 
bxp 0.014 1.80 1/h 
bxe 0.011 1.87 1/h 
Yp 4.3 5.8 mg/mg 
kmu 0.035 11 1/h 
Ku 25.3 1.4 mg/L 
Yu 0.85 15.2 mg/mg 
Ye 1.15 15.0 mg/mg 

    

b. Operational parameters 
 

Lw
† 40, 34, 25.4, 38.5 …. m 

Af 0.3140 …. m2 
Qin(1) 0.0001047 …. m3/d 
QR/Qin(1) 300 …. m3/d 
VB 0.0001047 …. m3 
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